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Application context: monitoring a CO2 leak

Figure 1: Monitoring of CO2 concentration.

◀ Physical phenomenon: CO2 concentration in observation wells over time.
◀ Control variables: position of 6 observation wells (F2,F3 . . . ,F7).
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Application context: computer code

◀ Computer code: 3D flow model.

◀ Input variables:
• Control variable x: position of

observation wells.
• Calibration parameters θ:

Parameter Min Max
disp. Longitudinal (m) 0.13 4.5
disp. Transversal (m) 0.04 1.5

Porosity 0.2 0.45
Permeability 0.1 48.24
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Computer code as black box function

◀ X : experimental domain.

◀ Θ: parameters domain.

Figure 2: Scalar output computer code.
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Statistical framework
◀ Relationship between physical observation and simulation:

Yobs(x) = fcode(x, θ0) + εx,

where θ0 ∈ Θ the true value assumed to be all influential, εx ∼ N (0, σ2
ε)

and σ2
ε is assumed known.

◀ Design of physical experiments Xobs =
[
x(1), . . . , x(n)]T

.

◀ Physical observations at Xobs: Yobs =
[
y(1)

obs , . . . , y
(n)
obs

]T
.

◀ Statistical modelling of observation:

Yobs = {Yobs(x(1)) = y(1)
obs , . . . ,Yobs(x(n)) = y(n)

obs}.

◀ Prior distribution: π0(θ).

◀ Exact posterior distribution:

π(θ | Yobs) ∝
1
σn
ε

exp
(
− 1

2σ2
ε

SS(θ)
)
π0(θ),

where SS(θ) =
∑n

i=1
(
y(i)

obs − fcode(x(i), θ)
)2.
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Statistical framework

Goals

◀ The choice of a design of physical experiments Xobs =
[
x(1), . . . , x(n)]T to

minimize uncertainty about θ0.

◀ Estimate the vector of parameters θ0.

Approaches:
◀ Construct a criteria for selecting the physical experiments to carried out.

◀ Reduce simulation cost by using a metamodel: need of a dedicated
criterion for the selection of numerical experiments.
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Gaussian process metamodel

Goal
Build a metamodel for the computer code.

A priori: fcode is the realization of a Gaussian process

Ycode ∼ GP(mβ , k),

where
◀ mβ : (x, θ) 7−→ mβ(x, θ) = h(x, θ)Tβ: mean function,
◀ k :

(
(x, θ), (x′

, θ
′
)
)
7−→ k

(
(x, θ), (x′

, θ
′
)
)
: covariance function.

Consider the following:
◀ DM =

[
(x1, θ1), . . . , (xM, θM)

]T the design of numerical experiment,
◀ fcode(DM) =

[
fcode(x1, θ1), . . . , fcode(xM, θM)

]T the simulations.

A posteriori: YM
code :=

[
Ycode | Ycode(DM) = fcode(DM)

]
∼ GP

(
µM, kM

)
,

where µM et kM are respectively the a posteriori mean function and the a pos-
teriori covariance function.
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Approximation of the exact a posteriori distribution
Preliminary:

◀ The metamodel parameters are estimated using the modularization
technique (Liu, Bayarri, and Berger 2009).

◀ Assumption: A priori on θ and fcode independent.

Approximation of the exact posterior distribution

π(θ | Yobs,fcode(DM)) ∝ Lc(Yobs | fcode(DM), θ)π0(θ). (1)

with

Lc(Yobs | θ, fcode(DM)
)
=

1
(2π)n/2 det

(
kM(Dθ) + σ2

εIn
)1/2

× exp
[
− 1

2 || Yobs − µM(Dθ) ||kM(Dθ)+σ2
εIn

]
,

(2)

where Dθ = {(x(1), θ), . . . , (x(n), θ)}.
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Motivation

Figure 3: DOPE and a posteriori density (θ0 = 12).
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Motivation

Figure 4: DOPE and a posteriori density (θ0 = 12).
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Criterion of Design Of Physical Experiments (DOPE)

◀ X = {x(1), . . . , x(n)} ∈ X n is a design of physical experiments.

Goal
Choose the optimal design of physical experiments Xobs such that:

Xobs = argmin
X∈Xn

C(X) or argmax
X∈Xn

C(X),

where C(X) is the design criterion to be defined.

Two main types of criterion in litterature:
1 Criterion based on Fisher’s information matrix.
2 Criterion based on posterior distribution (DAP).
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Fisher information matrix’s criteria for DOPE
◀ Computer code approximation: YM

code ∼ GP(µM, kM) a metamodel using
(DM, fcode(DM)), where DM is an initial design on X ×Θ,

◀ The information matrix in θ0 is given by:

M(X, θ0) = J(X, θ0)
T
[
kM(

(X, θ0), (X, θ0)
)
+ σ2

εIn

]−1
J(X, θ0).

where J(X, θ0) =
(∂µM(x(i), θ0)

∂θj

)
1≤i≤n,1≤j≤p

is the Jacobian.

◀ The Bayesian information matrix:

Mb(X, θ0) = M(X, θ0) + M0(θ0),

with M0(θ0) =
∂2

∂θ2 log π0(θ0) the precision matrix.
◀ Optimality function:

ψ : M ∈ S+
p (R) 7−→ ψ(M) ∈ R

Examples: determinant, trace, maximum eigenvalue, minimum
eigenvalue, etc.
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Fisher information matrix’s criteria for DOPE
1 Eψ-optimality criterion:

C(X) = Eθ0

[
ψ(Mb(X, θ0))

]
.

2 Robuste min-max-optimality criterion:
C(X) = min

θ0∈Θ
ψ(Mb(X, θ0)) ou max

θ0∈Θ
ψ(Mb(X, θ0)).

Examples:
◀ ψ(M) = det(M), ED-optimality, to be maximized (Fedorov 1980;

Pronzato and Walter 1985),
◀ ψ(M) = Tr(M−1) MMIT-optimality, to be maximized (Pronzato and

Walter 1985).

Inconveniences
◀ Linear hypothesis: we use linear approximation of the code in the

neighbourhood of θ0.
◀ Posterior distribution not taken into account.
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Kullback Leibler criterion for DOPE

Definition (Divergence de Kullback-Leibler)
Let p and q be two probability distributions on the same Ω space. The
Kullback-Leibler divergence is defined as:

KL(p || q) =
∫
Ω

log
p(x)
q(x) p(dx).

Information measurement of design X (Abellan and Noetinger 2010):

KL
[
π(θ | Ys(X, θ0)) || π0(θ)

]
where

◀ Ys(X, θ0) = µM(X, θ0) +
[
kM(

(X, θ0), (X, θ0)
)1/2]T

εGP + εX, where
εGP ∼ N (0, In) and εX ∼ N (0, σ2

εIn).

We can then define the EKL-optimality criteria:

CKL(X) = Eθ0

[
EYs

(
KL

[
π(θ | Ys(X, θ0)) || π0(θ)

])]
.
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Posterior distribution’s criteria for DOPE

◀ Simulation of physical observations:

Ys(X, θ0) = µM(X, θ0) +
[
kM(

(X, θ0), (X, θ0)
)1/2]T

εGP + εX

where εGP ∼ N (0, In) and εX ∼ N (0, σ2
εIn).

◀ Assessment of design of physical experiments quality:

ψ
(

Cov
(
θ | Ys(X, θ0)

))
,

Eθ

[
l(θ, θ0) | Ys(X, θ0)

]
,

where ψ is the optimality function and l is a loss function.

Examples:
• ψ(M) = Tr(M): sum of a posteriori variances,
• l(θ, θ0) =

1
n || θ − θ0 ||1: Mean Absolute Error a posteriori,

• l(θ, θ0) =
1
n || θ − θ0 ||22: Mean Square Error a posteriori.
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Posterior distribution’s criteria for DOPE

◀ Considering uncertainties:

Ccov(X) = Eθ0

{
EYs

[
ψ
(

Cov
(
θ | Ys(X, θ0)

))]}
, (3)

Closs(X) = Eθ0

{
EYs

[
Eθ

(
l(θ, θ0) | Ys(X, θ0)

)]}
. (4)

◀ Monte Carlo calculation costs: O(Nθ0 NYs Nθ).

◀ Fast calculation of criterion: O(Nθ0)

• Joint random sampling of θ0, εGP and ε,
• Unique uniform sampling of θ then weighting by the posterior

distribution π(θ | Ys(X, θ0)).

◀ Sequential versions of all these criteria are possible.
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Optimization algorithm for optimal DOPE
◀ Optimization problem:

X∗ = argmax
X∈Xn

C(X)

We recall X ⊂ Rd.
◀ Some challenges:

• The Design X ∈ X n ⊂ Rd×n is a matrix:

X =

x(1)1 . . . x(1)d
... . . . ...

x(n)1 . . . x(n)d

 ,

• An evaluation of the criteria C(X) takes time,
• No analytical expression for the gradient or the Hessian of

C(X).
=⇒ A variant of the simulated annealing optimization algorithm.
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Simulated Annealing for optimal DOPE
◀ Key idea: sub-optimal initial matrix + random perturbation per row.

1 Initialization:
• Choose kmax the maximum number of iterations, T0 the initial

temperature, σ2 the variance parameter and X0 the initial
matrix by forward optimization algorithm.

2 While k ≤ kmax do:
• Random perturbation:

Xprop = Xk +


0 . . . 0
... . . . ...
ε1 . . . εd
... . . . ...
0 . . . 0

 ,

where
(
ε1, . . . , εd

)
∼ N (0, σ2Id) such that Xprop ∈ X n
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Simulated Annealing for optimal DOPE

2 Continuation of step 2:
• Evaluating deterioration ∆k = C(Xk)− C(Xprop)
• Calculate p = min(e−∆k/Tk , 1)
• Draw u ∼ U[0,1]
• Accept-reject step:

Xk+1 ←−
{

Xprop if p ≥ u
Xk else.

• Update the temperature Tk+1 = cTk, with 0 ≤ c ≤ 1
• Update k←− k + 1

End While.
3 Return Xkmax .
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Forward Optimisation Algorithm: FOA

The FOA proposed by ABTINI 2018 provide a near-optimal solution.

The steps of the algorithm are as follows:
1 Initialization: Take X0 = {} as the initial solution.
2 For k ranging from 1 to n do:

• Determine
x∗k = argmax

x∈X\Xk

C(Xk ∪ {x}).

• Update Xk+1 = Xk ∪ {x∗k}.
End For.

3 Return Xn.

N.B: We compute T0 = − ∆f
log P0

or T0 = − ∆f
log

1−P0
P0

for initial temperature.
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Design Of Numerical Experiments
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Design Of Numerical Experiments (DONE)

◀ At this stage, physical data (Xobs,Yobs) are available.

Goal

Choose the design of numerical experiments DM =
[
(x1, θ1), . . . , (xM, θM)

]T.

Two approaches:
◀ Space filling design such as LHS-maximin (see Pronzato and Müller

2012),

◀ Sequential design based on minimization of some criterion.
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Damblin et al. 2018 criterion for DONE

DM = argmin
D∈(X×Θ)M

KL(π(θ | Yobs) || π(θ | Yobs, fcode(DM))).

Heuristic: KL minimization
◀ Choose

DM = D0∪DM−M0 where D0 ∈ (X×Θ)M0 and DM−M0 ∈ (Xobs×Θ)M−M0 ,

M0: the size of the initial design for building an initial metamodel.
◀ Resolve the following optimization problem

min
θ∈Θ

SS(θ) =
n∑

i=1

(
y(i)

obs − fcode(x(i), θ)
)2
.

=⇒ Resolution of the optimization problem by the EGO algorithm based
on the EI criterion.
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Test function
The test function playing the role of computer code:

fcode : [− 2, 6]2 × [2, 4]× [0, 8] → R

(x1, x2, θ1, θ2) 7−→
(
exp(−x2

1 − x2
2) +

sin(2πx2)

x2

)(
θ2

1x1 +
θ1θ2

100

)

Figure 5: Test function at true value θ0 = (2, 5).
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Hyperparameters & experiments

We choose:
◀ The true value θ0 = (2, 5)
◀ The size of physical design of experiments n = 10
◀ The size of numerical design M = 80 with M0 = 60
◀ The covariance function: Matern 5/2
◀ The mean function is constant
◀ The measurement noise level σ2 = 5%Var(fcode)

1 Build the metamodel using the computer code evaluations on design of
numerical experiments of size M0 (LHS-maximin + VAR criterion),

2 Choose the DOPE X∗ by some C+: LHS-maximin,Cdet,Ctrace,Csov, Cmse or Ckl,
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Experiments

3 Repeat for l = 1, . . . ,L, with L = 100:
• Simulate the physical observation by Y(X) = fcode(X, θ0) + ε,

where ε ∼ N (0, σ2
εIn)

• Choose the DONE of size M−M0 = 20 (OAT algorithm)
• Compute the following comparison metrics:

RMSE =
1
L

L∑
l=1
|| θ0 − θ̂(l)map ||2,

ALCI = 1
2L

L∑
1=1
|| θ̂(l)sup − θ̂

(l)
inf ||1,

where θ̂(l)
map = E

[
θ | Y(l)

obs(X
∗), fcode(DM)

]
, θ̂(l)

sup and θ̂(l)
inf are respectively

the upper and lower bounds of the CI of π(θ | Y(l)
obs(X

∗), fcode(DM)).
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Results

Figure 6: Boxplot of metrics.

=⇒ In this example, it makes sense to design the physical experiments.
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Conclusions and perspectives

Conclusions
◀ Improvement of calibration with the proposed criteria for design of

physical experiments.

◀ The advantages of global cirteria (Csov, Cmse and Ckl) over local criteria
(Cdet and Ctrace).

Perspectives
◀ Empirical comparison of criteria on different test functions.

◀ Apply the chosen strategy on simplified scalar output CO2 application
case.

◀ Extend the approach to functionnal output computer codes.

◀ Handle the case of biased computer codes and integrate sensitivity
analysis.
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Thanks for your attention !
Questions and suggestions are welcome !
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