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Motivations and Framework

Motivations
Introduction
Feel++

f View

Context and Motivations

Context : parametrized PDE

input-parameter examples : geometric con guration, physical
properties, boundary conditions, sources.

output examples : mean temperature over a subdomain, ux on a
boundary, etc.

Motivation : rapid and reliable evaluation of input-output relationships.

Real-time context : parameter-estimation, control.
Many-query context : sensitivity analysis, multi-model simulation.
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Motivations and Framework Motivations
Introduction
Feel++
Features
User Point of View
Wrappers

OPUS Heat Transfer Benchmark
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Motivations and Framework

Motivations
Introduction
Feel++

View

Thermal Testcase Description

y
Hot air out ow

[RRERRRN Overview
s Heat-Transfer with conduction
. B SR and convection possibly coupled
— with Navier-Stokes
0 e ) | [he Simple but complex enough to
contain all di culties to test
ol 0%, the certi ed reduced basis
] NL i non symmetric, non
‘ compliant
R SR (R steady/unsteady
physical and geometrical
e~ parameters
I coupled models
oo N ' Testcase can be easily
RARRAN complexi ed
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Motivations and Framework Motivations

Introduction
Feel++

Features

User Point of View
Wrappers

Thermal Testcase Description

y
Hot air out ow

[RRRNRRRI Heat transfer equation

N 3 - (AIN=[L; 4 CI g‘}‘ vVr T r (klr T) = QI’
. @
i=1234

IR 1 N e (R [

§ Inputs

e = feakie; D;Q;rg:
:;11:\ B~ 100 |[he OutputS

| Z
B NS (PCB) Sl( )_ 1
| T QCEIC 2
TTTIT1T11 o()= = T

Cooling air in ow (fan) €
4\ 3
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Motivations and Framework

Motivations
Introduction
Feel++

View

Thermal Testcase Description

y
Hot air out ow

[RRNANARN Fluid model
e~ Poiseuille ow or Navier-Stokes ow
L A= [Ey a
—% Boundary conditions
RN GG e on 3\ 3, azero ux
on 3\ 4, outow
toce || 1 : : 2 . N\ —
e s P on 4;(0 X epp+ ey=0)
= temperature is set
T G e 1 and , periodic
| at interfaces between the ICs and
B - N PCB, thermal discontinuity
' SIS S S (conductance)
€rca. €
ERERRRRR on other internal boundaries, the
Cooling air i ow (an) continuity of the heat ux and
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Motivations and Framework

Thermal Testcase Description

y
Hot air out ow

[RERRRAN]

—L (A= [E; 4

" 2(IC)

=
&

"~ 1(C)

=
&

T 3(PCB)

Cooling air in ow (fan)

C. Prud'homme

Motivations
Introduction
Feel++

f View

Finite element method
P«;k = 1;:::;4 Lagrange elements

Weak treatment of Dirichlet
conditions

CIP Stabilisation

Locally Discontinuous FEM
functions

Validation

Comparison between
Comsol(EADS) and Feel++

Extensive testing and comparisons

Implementation validated, ref.
con g. max rel error < 1%

Di . : mesh, stabilisation, Dirichlet
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Motivations and Framework

Thermal Testcase Description

y

Ne~—— 2C) | |h

|

Hot air out ow

[RRRNRRRI

—L (A= [E; 4

c

c

e~~~ o~ (PCB)

Cooling air in ow (fan)

C. Prud’homme

Motivations
Introduction
Feel++

Features

User Point of View
Wrappers

Figure : Temperature plot for
e.2f25e 3;8¢ 3;5e 2g

Reduced Basis methods: an introduction



Motivations and Framework Motivations
Introduction
Feel++
Features
User Point of View
Wrappers

HiFiMagnet project

High Field Magnet Modeling
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Motivations and Framework Motivations

Introduction
Feel++

Features

User Point of View
Wrappers

Laboratoire National des Champs Magnétiques Intenses
Large scale user facility in France
High magnetic eld : from 24 T

Grenoble : continuous magnetic eld (36 T)
Toulouse : pulsed magnetic eld (90 T)

Application domains Magnetic Field

Earth : 5:8 10 *T
Supraconductors : 2F

Magnetoscience
Solide state physic

Chemistry Continuous eld : 36T
Biochemistry Pulsed eld : 90T
Access

Call for Magnet Time : 2  per year
140 projects per year
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Motivations and Framework

Linear Elliptic Problems mﬁtcl)vdinc?lr(‘)sn
Non Compliant/Non Symmetric
. Feel++
Non-A ne and/or Non-Linear Problems
R . Features
Linear Parabolic Probles =
Usel

Applicatior

References Wray

High Field
Magnet Modeling

Lorentz forces

'
'
'
'
'
'

Displacement (mm)
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Motivations and Framework Motivations

Introduction
Feel++

Point of View

Why use Reduced Basis Methods ?

Challenges
Modeling : multi-physics non-linear models, complex geometries,
genericity

Account for uncertainties : uncertainty quanti cation, sensitivity
analysis

Optimization : shape of magnets, robustness of design

Objective 1 : Fast Objective 2 : Reliable
Complex geometries Field quality
Large number of dofs Design optimization
Uncertainty quanti cation Certi ed bounds
Large number of runs Reach material limits
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Motivations and Framework Motivations

Introduction

eel++

Features

User Point of View
Wrappers

An open reduced basis framework

Objectives

Provide an operframework for certi ed reduced basis methods

Provide a rapid prototyping framework using the Feel++ language
for the standard nite/spectral element methods

Provide interfaces to various op€mathematical” programming
environments such as Python/OpenTURNS(UQ) or Octave

Where to get it?

sources are available &ttp://www.feelpp.org
available as Debian/Ubuntu packages
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Motivations and Framework Motivations

Introduction
Feel++

Features

User Point of View
Wrappers

Feel++
Features
Galerkin methods (fem,sem, ¢G, dG) in 1D, 2D and 3D on simplices and
hypercubes

Interfaces to PETSc/SLEPc

Language embedded in C++ close to variational formulation language
that shortens tremendously the time to results

/I T, = felementy

auto mesh = loadMesh( new Mesh<Simplex<3> > );
Il Xn=fv2CO%) jw 2 P2(K);8K 2 Thg

auto Xh = Pch<2>(mesh);

auto u = Xh->element(), v = Xh->element();

auto a = fprm2( _test=Xh, _trial=Xh, );

/I a(u;v) = rury

a=integrate(elements(mesh), gradt(u)*trans(grad(v)))
auto b=forp2( _test=Xh, _trial=X

/I a(u;v) = uv

b = integrate( elements(mesh), idt(u)*id(v) );
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Motivations and Framework

Feel++ Reduced Basis Features

Lower bound for coercivity/inf-sup

CRB Linear Elliptic case

CRB Linear Parabolic case
Automatic di erentiation
EIM (space/time)

CRB Nonlinear case

CRB automated a ne decomposition

CRB for multiphysics

C. Prud'homme

Motivations

Introduction
eel++

Features

User Point of View

Wrappers

OK 90%

OK 100% (coercive)
90% (non-coercive)

OK 100%
OK 90%
OK 100%
Ok 80%
Not OK 50%
OK 80%
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Motivations and Framework ; .
Motivations

Introduction
Feel++

Features

User Point of View
Wrappers

Feel++ Framework : the User point of view

Cmd line

Parametric

Speci cations A ne de-
Geometry, PDE,...—| composition Code generator
[ pit to be automated

O ine/Online
Database handling
Auto. di.

Work in progress
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Motivations and Framework ; .
Motivations

Introduction
Feel++

Features

User Point of View
Wrappers

Wrappers : Python/OpenTURNS

Wrappers are automatically generated by the framework

Python Code (OpenTURNS wrapper for UQ)

# fem code

modelfem = NumericalMathFunction("modelfem")
# crb code

modelrb = NumericalMathFunction("modelrb")
mu[0] = 10

mu[l] = 7e-3
outputfem = modelfem(mu)
outputrb = modelrb(mu)
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Motivations and Framework 1ty §
Motivations
Introduction
Feel++
Features
User Point of View
Wrappers

Wrapper : Octave

Wrappers are automatically generated by the framework

Octave code

# kIC : thermal conductivity (default: 2)

inP(1) = 1.0e+1;

# D : fluid flow rate (default: 5e-3)

inP(2) = 7.0e-3;

# Q : heat flux (default: 1e6)

inP(3) = 1.0e+6;

# r : conductance (default: 100)

inP(4) = 1.0e+2;

# ea : length air flow channel (default: 4e-3)

inP(5) = 4.0e-3;

for i=1:N
inP(1)= 0.2+(i-1)*(150-0.2)/N; D=[D inP(1)];
s= [s opuseadscrb( inP )J;

end
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Motivations and Framework

Wrappers

Reduced Basis Methodology
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Linear Elliptic Problems

Linear Compliant Elliptic Problems
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
eriori Error

Sampling
Inf-sup lower bound

Notations and De nitions

Notations De nitions
OV nite element RY spatial domain
approximation P-uplet
()n reduced basis D  RP parameter space

approximation

input parameter (physical,
geometrical,...)

s output, 7; f functionals

u eld variable

X function space

S(t; ) SN(t; ) SN(t; ) Hl() Xp Hl() ( =1
output approximations 0

) for simplicity)
' s(t; ) input-output (; )x scalar product andk ky
relationship norm associated toX
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound

Problem Statement

The formal problem statement reads : Given2 D , evaluate
s( )= "(u() )
whereu(x; ) 2 X satis es

au( );v; )=f(v; ); 8v2X

Remark

We consider rst the case of linear a ne compliant elliptic problem and
then complexify
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound

Hypothesis : Reference Geometry

In these notes is consideregarameter independent

To apply the reduced basis methodology exposed later, we need to
setup a reference spatial domains

We introduce an a ne mapping
TG ) ( ef = ol ))! o( ) such that

auv; )= aU T svo T ;)
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound

Hypothesis : Continuity, stability, compliance

We consider the following PDE

a(;; ) Dbilinear
symmetric
continuous
coercive 8 2D )

f(; );°(; ) linear
bounded 8 2D )

and in particular, to start, the compliant case
a symmetric
f(;)="() 8 2D
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound

Hypothesis : A ne dependence in the parameter
We require for the RB methodology

Ra
a(u;v; )= a( ) al(u;v);
q=1
where forq = 1;:::;Qq
9. D! R dependentfunctions
al: X X! R independentbilinear forms

Remark

similar decomposition is required fofv; ) and f(v; ), and denote
Q and @ the corresponding number of terms
applicable to a large class of problems including geometric variations

can be relaxed (see non a ne/non linear problems)
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound

Inner Products and Norms

We next de ne the
energy inner producand associated normp@rameter dependet
(((w;v))) = alw;v; ) 8u;v 2 X
p———
fivii = alv;v; ) 8v 2 X

X-inner product and associated nornpgrameter independeht

(w;v)x = (((w; V) ID( a(w;v; ) 8u;v 2 X
iviix = dijviii ¢ alvivs ) 8v 2 X
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound

Coercivity and Continuity Constants

Recall that

coercivity constant

a(v;v; )
v2X ijjj)z(

(0<) ()

Continuity constant

a(w;v; )
sup sup ——————
) WZ)E)VZQkaXkaX

(<1)
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound

Example Thermal Block : Heat Transfer

i top (Zero Dirichlet)

4 5 6 = sides (Insulated)

1 2 3

).4
( o (Heat Flux)
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound

Example Thermal Block : Problem statement

Given 2 ( 1 p)2D min. maxP “eyaluate (recall that = f)
s( )= f(u( )
whereu( )2 X f v2HY() ;vj,, = Og satis es
a(u( );v; )="F(v; ) 82X
we haveP = 8 and given & | < 1 we set

min — 1:p 7r max — pir

such that max= min = -
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound

Example Thermal Block

Recall we are in the compliant case= f, we have
Z
f(v) = v 8v2X
0
and
 Z z

a(u;v; )= i rurv+1 rurv 8u, v 2X
i=1 i P+l
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Linear Elliptic Problems Notations, De nitions, Problem Statement, Example
RB Approx
A Posteriori Error
Sampling
Inf-sup lower bound
Example Thermal Block
The inner product is de ned as follows
 Z z
(u;v)x = i rurv+1 rury
i=1 i P+1
where ; is areference parametee have readily that is
symmetric

parametrically coercive

and continuous
() max( 1= 1;::1; p=p3l) <1

and the linear formf is bounded
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Notations, De nitions, Problem Statement, Example
RB Approx

A Posteriori Error

Sampling

Inf-sup lower bound

Linear Elliptic Problems

Example Thermal Block : A ne decomposition
We obtain the a ne decomposition

B(Fl
a(uv; )= a0 )a(u;v)
a=1
with
Z
Yy 4 al(u;v) = rurv
Z
()= » a (u;v) = rurvy
Z P
Prity=1 a*(u;v) = rurv
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Linear Elliptic Problems

Example Thermal Block
Homogeneous parameters

Maximum parameters values.

Heterogeneous parameters

C. Prud'homme

Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

Minimum parameters values.

N
~

[N}

-1.42e-06-
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Notations, De nitions, Problem Statement, Example
RB Approx

A Posteriori Error

Sampling

Inf-sup lower bound

Let 2D , evaluate
sSN()="Wh();
whereuN () 2 XN satis es
auN ( );v; )= f(v); 8v2xN:

HerexN X isa nite element approximation of dimension

equiped with an inner product ; )x and induced nornjj jj x .
Denote alsoX? and associated norm

(V)
Jiviix

~2 X8 Ji'lixe  SuRp2x
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Notations, De nitions, Problem Statement, Example
RB Approx

A Posteriori Error

Sampling

Inf-sup lower bound

u( ) anduy ( ) in the sense that
jjuC) uv()jx tol 8 2D

the reduced basis approximation using the FEM approximation

the error associated with the reduced basis approximation
relative to the FEM approximation

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

For  given accuracy, evaluate Accuracy

2D ! sv()( sN()and }()

that achieves the desired accuracy Reliability
sYO) w0 R(O)
for a tcomp E ciency
of N asN !1

wheretcomp is the time to perform the input-output relationship

o(se( ) RO

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

Build a rapidly convergent approximation of
sv()2Randuy( )2 XN xN X
such that for all , we have
sv( ) sY()andun()! u¥()

rapidly asN = dimXy !'1 (= 10 200 (and of N)
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Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

Provide error bound n( ) and §( ):
. n()

RN () (ke C

and
n()
MO s()i
forallN=1:::Nnax and 2D
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Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

Develop a two stage strategy : O ine/Online
Oine : very expensive pre-processing, we have typically that for a

given 2D
. LN
teomp >> teomp
Online : very rapid convergent certi ed reduced basis input-output
relationship _
tooms independent oN

Remark
N may/should be chosen
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Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

_J

/ — To approximateu( ), and thus

s( ), we represent all
Hl( Rd) inY
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Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

W=fu()2Y; 2D ¢

To approximateu( ), and thuss( ),
we only approximate
/ ? in low-dimensional manifold

W = fu 2Y;
HY( RY) ()ZDg
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Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

To approximateu( ), and thus
s( ), we construct the
approximation space
Wy = fu( )2Y;
( I)i=1::N 2D g

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

Parameter Samples :
Sy=f 12D ;:::; 2D g 1 N Npa;
with
S SIS 1 SN D
Lagrangian Hierarchical Space
Wy = spanf , F({ ; n=1;:::;Ng:
uN (M)
with
Wi Woii Wy, XV X

Equidistributed points inD (curse of dimensionality)
Log-random distributed points ifD
See later for more e cient, adaptive strategies
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Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error
Sampling

Inf-sup lower bound

Remark
We could include -derivatives (evaluation of the derivatives at given
parameters) into W to obtain Hermite-like spaces (not covered here).

Remark
The basis functions,, = u( ");n= 1:::Nmax of Wy are orthonormalized
via a Gram-Schmidt process. We then denotg X Gram-SchmidfWy)
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Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

Given 2D evaluate

sv( )= flun( ) ) )

whereuy () 2 Xy satis es

a(un( );v; )=f1f(v; ); 8v2 Xy :

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

Forany 2D , we have the following optimality results (thanks to
Galerkin)

jiuC ) uO)iii = VNi,g;N jiiuC ) wO)iii s
S
oy ix;
( )VNZXNJJU( ) W )iix;

jjluC ) un()iix

and
sC) swC)=jiuC ) un()iij
= np e wOm
and nally

0 s() s() (), inf juC) w( i

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

our RB approximations :

sN( )

X
un( ) = UNj( ) i
j=1
8 9
X < R =
s( )= unj( ) . 20 f9( ).
j=1 q=1 '

whereuy;( );1 i N satises
Xy (>@a

)
P
Qya¥i ) ug( )= gy FO) I

1 i N

Reduced Basis methods: an introduction

)

3

(4)
®)



Notations, De nitions, Problem Statement, Example

RB Approx.

A Posteriori Error
Sampling

Inf-sup lower bound

Solve
Av( ) un( )= Ey
where
(An)ij( )= aC)a(i ;s
q=1

Fni = FOF9C0)

1 i;j N; 1 i N

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

O ine : independent of

Solve :N FEM system depending oN
Form and store f9( ;)
Form and store &%( i; ;)

Online : independent of N

Givenanew 2D

Form and solveAy () : O(QN?) and O(N3)
Computesy( )

Online we realize often orders of magnitude computational economies
relative to FEM in the context of

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx.

A Posteriori Error

Sampling

Inf-sup lower bound

Proposition
Thanks to the orthonormalization of the basis function, we have that the
condition number of A( ) is bounded by the ratio ( )= ( ).

Démonstration.

Write the Rayleigh Quotient

T
M; 8vy 2 RN
VN UN
Express
X
VN = VN, n
n=1

Use coercivity, continuity and orthonormality.
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Notations, De nitions, Problem Statement, Example
RB Approx

A Posteriori Error

Sampling

Inf-sup lower bound

What is the accuracy ofiy( ) andsy( ) ? Online

ku( ) un( )kx w1y 8 2D
isC) sn()kx % 8 2D

What is the best value foN ? O ine/Online

N too large) computational ine ciency
N too small) unacceptable error

How should we buildsy ? is there an optimal construction? O ine

Good approximation of the manifoldV through the RB space, but
need for well conditioned RB matrices

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx

A Posteriori Error

Sampling

Inf-sup lower bound

We shall develop the following error boundsy( ) and §( ) with the
following properties

1 N Nmax

ku( ) un( )kx n( ), 8 2D
jsC ) sv( )i n(), 8 2D

1 N Npax

n( ) . n( )
ku( ) un( )kx s ) s )]

C;

Online cost depend only o® and N

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx

A Posteriori Error

Sampling

Inf-sup lower bound

Given our RB approximationy ( ), we have

e() u() un()
that satis es
ate( );v; ) = r(un( );v; );8v2X

wherer(ux( );v; )= f(v) a(un( );v; )isthe . We have
then from coercivity and the de nitions above that
Y JirCunC)iv; Diixe _ "n()
e =
jie( Jiix O O
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Notations, De nitions, Problem Statement, Example
RB Approx

A Posteriori Error

Sampling

Inf-sup lower bound

Proposition
Given 2D , the dual norm of (uy( ); ; ) is de ned as follows

; ; r(un( );v; )
r(u - o SUp——=
fir(unC s 5 ix SUp—— 05
= jie( iix
where®( ) 2 X satis es

®C )v)x = r(un( );v; )

The error residual equation can then be rewritten

ate( );v; ) =(%( );v)x; 8v2X

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx

A Posteriori Error

Sampling

Inf-sup lower bound

Given g ( ) a nonnegative lower bound of( ) :

() () () 2]61;8 2D (6)
Denote"n( ) = k&( )kx = kr(un( );Vv; kxo

W) pO) @)
LB()

N( )

MO e ©
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Sampling
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One can prove that

1 n( )

1 N Nup 8 2D 9)

. Left inequality ensures rigorous upper bound measured in
i iix . iejie( iix n(); 8 2D
: Right inequality states that y( ) overestimates the true
error by at most ( )= g( )
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It follows from (100) and (102)

isC ) sn()j () 2D (10)

where

2
()= %()) 1)

Note that the error in the output vanishes quadratically
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Denote&( )2 X

jie( iix = "nC ) =dir(un( ); ; Diix
such that

@ );v)x = r(un( );v; ), 8v2X
And recall that

XX
r(un( );v; )= f(v) 9C ) unn( ) @( n;v); 8v 2 X
g=1n=1
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It follows next thate&( ) 2 X satis es

xx
®( )iv)x = f(v) ) unn( ) @(nsv); 8v 2 X
g=1n=1
Observe then that the rhs is theum of products of parameter
dependent functions and parameter independent linear functionals,
thus invoking

X
&)= C 9 ) unn( ) L7
g=1n=1

where
C 2 X satis es
(Gv)= f(v);8v2 X
L2 X satises
(LE:v)x = a(n;v);8v2X;1 n N;1 g Q
which are parameter independentepraddlemss: an introduction
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From (20) we get

Po P
itz = (CGOx + &1 w1 ) una() 2AGLAx

)
P o P o 0
So1 onemr TC) Unpe( ) (LELE)x  (12)

In (12), jj&( )jj% is the sum of products of
and

the o ine-online for the error bounds is now clear.
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Oine:
Solve forCandLi; 1 n N;1 g Q
Form and saveC, C)x, (C L9)x and (LY; Lﬂz)x,
1 nmn® N;1 qq° Q

Online
Givenanew 2D

Evaluate the sunjje( )jiz (12) in terms of 9( ) andunn( )
Complexity inO(Q?N?) independent oN
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Sampling
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Oine
Given a tolerance, build Sy and Wy s.t.

8 2P D ; ()<
Online
Given and atolerance, nd N and thussy ( ) s.t.
N =argmay ( n()< )
or given and a max execution tim&, nd N and thussy ( ) s.t.

N = arg ming ( ~( ) and execution time< T)

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx
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O ine Generation
Given a tolerance, setN = 0 and & =
While [ >
N=N+1
If N == 1; then Pick ((log-)randomly) ;2D
Build Sy :=f nO[ Sy 2
Build Wy :=f =u( n)9[ WN 1
Compute J* := max zp n( )

End While

recall that the , are , this ensures that the condition
number will stay bounded by( )= ( )
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Sampling
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adaptive online

Given 2D ,compute(sy ( ); ~n () suchthat n () <:
N=2

While () >

Compute(sn( ); n( )) using(Sy;Wn)

N=N 2

use the (very) fast convergence properties of RB
End While
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Inf-sup lower bound

Oine
Whilei <= Imax >> 1
Pick log-randomly 2 D
Store in tableT; () if worst case folN = 1;::;; NM&
i =i+ 1; End While

Online Algorithm II adaptive online worst case

Given 2D ,compute(sy ( ); ~n () suchthat § () <:
N := argmaxy n( ) <
UseWy to compute(sy ( ); ~ ()
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A Posteriori Error

Sampling
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Oine
Whilei <= Imax >> 1
Pick log-randomly 2 D
Store in tableT; () if worst case folN = 1;::;; NM&
i =i+ 1; End While

Online Algorithm II adaptive online worst case

Given 2D ,compute(sy ( ); ~n () suchthat § () <:
N := argmaxy n( ) <
UseWy to compute(sy ( ); ~ ()
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Sampling

Inf-sup lower bound

Oine
Whilei <= Imax >> 1
Pick log-randomly 2 D
Store in tableT; () if for N = 1;::;; Nm&X
i =i+ 1; End While

Online Algorithm II adaptive online worst case

Given 2D ,compute(sy ( ); ~n () suchthat § () <:
N := argmaxy n( ) <
UseWy to compute(sy ( ); ~ ()
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A Posteriori Error
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We require a w()for ()= ¢(); 8 2D
Two strategies are available :

Min Theta approach ifa is parametrically coercive.g. the
coercivity constant depends solely on

and more generally the Successive Constraint Method(SCM) which
can also be applied in case of Inf-Sup stable problems (Stokes,
Helmholtz,...)
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9)>0;8 2D and
al(v;v) 0;8/2X;1 g Q
We de ne
min ; ( )_ min q( )
I =

g=1:Q 9( ) ()

for 2D which was used to de ne th&-inner product and induced
norm

a(u;v; ); 8u;v2X
p(u;v)x; 8v 2 X

(u; v)x
kax
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Similarly we develop an upper boungg ( ) for ( ). We de ne

q
1> M= qinla)é qg ;

()

Remark
us () is actually not required in practice but relevant in the theory.
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if ais parametrically coercive we then choose
the coercivity constant lower bound to be

w() ()
and the continuity constant upper bound to be Gymmetric)
() a0 ()

Remark

Online cost to evaluate 5 ( ) : O(Qa)

Choice of inner product importanfu; v)x = a(u;v; ) (see multiple
inner products approach)

Extends to non-symmetric problems by considering the symmetric
part

as(u;v; )= %(a(u;v; )+ a(v;u; )
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Inf-sup lower bound

We wish to compute g : D! R such that
0< w() M() 2D 13)
and it computation is rapidO(1) where

a(w;w; )

(14)
kwkZ

N ()= infuaxn

N'( ) is the minimum eigenvalue of the following generalized eigenvalue
problem
aw;v; )= () m(w;v; ); (Aw= Bw) (15)

wherem( ; ) is the bi-linear form associated witk kyx andB is the
associated matrix.
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The problem as a minimization one
First recall

aw;v; )= a( ) ag(w;v)

g=1
Hence we have

. X (w;w)
YO= it 8 GO% T
g=1
and we note 2
obi (- Y= ag(w; w)
IPW )= o)
q=1
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We have the following optimisation problem

N() = infyay I y)

where
IO y) a( )¥q
g=1
and
n . o]
- Qai N epey = Ba(Wiw),
Y y 2 R*2j9w 2 X" st yq kaiN 1 g Qq

We now need to characteriz€, to do this we construct two set¥,g and
Yus suchthatYys Y Y g overwhich nding N () is feasible.
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First we set the design space for the minimisation problem (69). We
introduce

wh (wiw). (wiw)'
B= i |nfwsz aqk k2 y UpNsz ac;(\lvik’)z(
q=1
n 0
= i2D;i= 153
and n o
Ck= i2;i=1:m3K

is constructed using &k division ofD :in 1D, 0,1; ; ; 3;:::. C« wiill
be constructed using a greedy algorithm.

Finally we shall denot®,, ( ;E) the set ofM points closest to in the
set E. We shall need this type of set to construct the lower bounds.
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GivenM ;M. 2 N we are now ready to de neY g

n
Yis( ;Ck)= y2R%jy2B;
R N 0
a( 9YYq (9:8°%°2Py (;Ck)
¢=1
Ra 0
a( 9Yyq e( %Ck 1);8 °2 Py, (; nCk)
¢=1
We now set

( C)= infyZYLB( ick) ‘JObj( 'Y)

Computing g ( ;Ck) is in fact a linear program wittQ, design
variables)yy, and Q, + M+ M., constraints online. It requires the

ConStrUCtlon OfCK O ne. Reduced Basis methods: an introduction
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Let n (o]
Yus(Ck)= y (k)1 k K

with _
y ()= argmingoy J ()

We set .
u ( ;Ck) = infyay s ey 3 ()

Yus requiresK eigensolves to compute the eigenmodeassociated

with wy; k = 1;:::; K and KQN inner products to compute the

Y (W) = a‘}((*biz@;k = 1;::;;K oine . Then computing ys ( ;Ck) is
x N

a simple enumeration online.
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Sampling

Inf-sup lower bound

[Ckmax 1 = Greedy( ;)
Given and 2 [0; 1]
us ((iCk) 18 (iCk)

While max ; e
k+1 = argmax , -4< ?CUI;)( ;CLE)( Cx)
CK+l: CK [f K+19
K K+1

setKmax = K
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Oine
2Q.+ M + M., eigensolvesN ( );y ( «)
N Kmax LP(Q;M ;M.) to build Cx,,
Kmax Q inner products oveXN )Y g

[ te( )]= Online(; Ckpa ;M ;M:+)
Given 2D
sort overCg,.. ) Pm ( ;Ck,. ) @andPm,( ; nCk,..)
(M + M, + 2)Q, evaluation of 4( 9
M lookups to get °! N ( 9
LP(Qa;M ;M+) toget g( )
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Con guration :
47 600 dofs;
Preconditionner : LU Solver : MUMPS
parameter sampling of dimension 1 000.

Plot max » 1) s (SN) (S')“( )

1015 E
5 1(13; E
5 B
.g 10 1 E
= F
[}
& [
10 2 E
F—is" ) s
o
10 2O E
|- Il Il Il Il ]
0 10 20 30 40

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Approx

A Posteriori Error

Sampling

Inf-sup lower bound

More parameters there are, more rich the problem is;

Notations :

Relative error

e'( ) is the relative error on the output wheri parameters vary.

10°

10 4

10 8

10 12

| —el()

e’()
—e’()
——e*()
—e°()

e®()
()
e

10
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Inf-sup

Non Compliant Output and/or
Non-Symmetric Elliptic Problems
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Inf-sup lower bound

Let 2D , evaluate
sSN()= W)
whereuMN (1) 2 XN X satis es
auN ( );v; )= f(v); 8v2xN

and we suppose that
a(;; )isbilinear,f(; and’(; ) are linear
f and" are bounded
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We assume thae: XN XN 1 Ris

a(v;v; )
(0<) () VZXW
a(w;v; )
supsup————"(< 1
O R R ki & 1)
and enjoys
a(u;v; )= 40 ) a(u;v); 8u;v2 X
q=1
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We next de ne the
and associated norm (

(((w;v)))

mvi

as(w;v; ) 8u;v 2 X
as(v;v; ) 8v 2 X

X-inner product and associated norm {

(w;v)x = (((w;Vv)) p( as(w;v; )) 8u;v 2 X
iviix = jijvii (  as(v;v; ) 8v 2 X
whereas denotes the of a.
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Parameter Samples :
Sy=f 12D ;:::; 2D g 1 N Npax;

with
SS SiiiSy,., D
Lagrangian Hierarchical Space

uN (")

with
Wi WoiiiWy,,, XN X
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Given 2D evaluate

sv( )= "(un( ) )

whereuy( ) 2 Xy satis es

a(un( );v; )=1f(v; ); 8v2 Xy :

RB SpaceXy = GramSchmidfWy)

Well posed problem (there exists a unique solution : coercivity,
continuity, linear independence)
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Inf-sup lower bound

For any 2D , we have the following optimality(thanks to Galerkin)
results

) Wi 1) e WO

~

and
jsC) s( )i CjiuC ) ww( )iix
Remember that

q___
symmetry : 1+ % ) %;
compliance : quadratic convergence in the output (not the case

anymore)

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Primal Only
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We wish to develop , and online a posteriori error
estimation N( ), §( ) suchthat8 2D

ku( ) un( )kx N( )
isC) sn()k  R()
Coercivity Lower Bound
Error Bounds (using as)

However two issues remain.
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Inf-sup lower bound
For a non-symmetric we introduce
Ras
as(u;v; )= a()a(uv); 8uv2X
q=1

where 1
as(uiv; )= S@uv; )+ a(viur )
We then apply either
the min  approach ifag is parametrically coercive

- q
B ( ) min;  — min as
& q2f 1 Qas  as( )

or the SCM @s)
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Given our RB approximationy ( ), we have
e() u() un()
that satis es
ate( );v; ) = r(un( );v; )»8v2X

wherer(un( );v; )= f(v) a(un( );v; )isthe . We have
then from coercivity and the de nitions above that

. . jir(un( )sv; Diixe _ "n()
jie( )iix ) =0
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RB Primal-Dual
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Proposition
Given 2D , the dual norm of (uy( ); ; ) is de ned as follows

; ; r(un( );v; )
r(u - o SUp——=
fir(unC s 5 ix SUp—— 05
= jie( iix
where®( ) 2 X satis es

®C )v)x = r(un( );v; )

The error residual equation can then be rewritten

ate( );v; ) =(%( );v)x; 8v2X
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Then we can de ne

ke( )kx

vOY O

n( )
VO e
Proposition
for N = 1:::Npmax , the e ectivity n( ) veries

us ().
LB( ),

Reduced Basis methods: an introduction
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Then we can de ne

n() n( )

n( )

vO S S0

Proposition
for N = 1:::Nmax, the errorjs( ) sy( )j veries

is() s()i () 8 2D
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Very similar to the compliant case : need oriy nd
& 2 X (Riesz representation) such that

&;v)x ="(v; ); 82X

and apply o ine-online decomposition similarly to other terms
Rigorous error bounds

Best approach if many outputs (little overhead), however in case of
few outputs a primal-dual formulation is preferable

@ Loss of quadratic convergence
@® E ectivities possibly unbounded,

k'(; )kxo
(ku( ) un( )kx

from output error bound (taking * = f) and energy error bound.

NC)

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Primal Only
RB Primal-Dual

Inf-sup lower bound
Sy=f 12D ;:i:; n2D g
S, =f 2D ;:ix; %, 2D g
— NY.pn — qevvn- .
Wy = spanf , tj_({z_;,n— 1;:::;Ng:
N (n
Wiy, = spanf r‘,’”u (() d“g;n— 1;:::;Ndug
[—{Z—
N

Equidistributed points inD (curse of dimensionality)
Log-random distributed points iD
See later for more e cient, adaptive strategies
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Inf-sup lower bound

Given 2D evaluate

sv( )= "(un( ) ;
whereun( ) 2 Xy and  ya () 2 XJ4, satisfy
a(un( )iv; )= f(v); 8v2 Xy
and

av; no(); )= “(v; ); 8v2 XM :

Note that RB Space
Xn = GramSchmidfWy); X3 = GramSchmid¢w ")

In generalN 6 N% (primal and dual are di erent problems)
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Recall that in
a is symmetric
= f
suchthat ( )= u( ).
We may takeNd = N, SI = Sy and X3" = Xy and get

n()= un()

The dual problem is never formed/solved
We simply identify n( )= un( )
We get a 504 cost reduction
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Proposition
Forany 2D , we have

isC) s C ot GuC) w( i
int G () Oix

du du
vt 2 X

Alternative : build RB space comprising both primal and dual basis
functions ( output dual correction not needed however more costly
and conditioning issues)
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our RB approximations :
X

un( ) = unji( )
=1
Xdu
no () = N () jdu
i=1
sn( )
)@ du
sn( ) = uni( ) () N () M)
j=1 j=1
XX R
+ unj( ) wjo( ) 9 ) al( s ,-dou
j=1j%=1 g=1
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uvi( );1 i Nand ni( );1 i N satisfy
(>@ )

X
a)alCi ) un( )= f(i);

=1 g¢g=1
1 i N
Xdu ( )@ )
a0 ) &M jdu) N () = )
j=1 ¢g=1
1 i N
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Solve
Ay()un( )= Ey
and
Al () ()= Ly
where
P
A ()= gy A)a( s ) Fvi=f(0):
1 i;j N 1 i N
and

P N
(Al ( )= &y 90)a( M &) L= ()
1 i;j N 1 i Nw
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O ine : independent of
Solve :N + N% FEM system depending oN

Form and store f( i), "( i), f( &), *( &)
Form and store =a9( ;; j), a¥( &; &), a%( ; ™)

Online : independent of N

Givenanew 2D
Form and solveAy () : O(QN?) and O(N3)

Form and solveAya @ ( ) : O(QN%?) and O(N%?)
Computesy( )

Online we realize often orders of magnitude computational economies
relative to FEM in the context of
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Given our RB approximatiomy ( ), we have
e() u() un()
that satis es
ae( );v; ) = r(un( );v; )8v2X

wherer(uy( );v; )= f(v) a(ux( );v; ) inthe linear case is the
. We have then

o jir(un( )sv; Diixe _ "n()
jie( )iix ) =0
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Given g ( ) a nonnegative lower bound of( ) :

() () () 210;1;8 2D

"N )

VO 00

n()

VO e e
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One can prove that

1 () Lé()); 1 N Nma; 8 2D

. Left inequality ensures rigorous upper bound measured in
iIix . ie jje( iix n( ) 8 2D
: Right inequality states that y( ) overestimates the true
error by at most ( )= g( )
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We have a similar result for the dual problem
BC) welx R 1 NMONGL 8 2
where

"ﬂlu() i 70 al(; ne(); iixoe
() ()

)

"du( ) is the
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From primal and dual energy error bounds we have
isC)  s( )i n( ) 2D
where

NC) O NC) RO = () NC) RO

Note that the error in the output vanishes as the product of the error in
the primal and dual error

We obtain

co20)
DL O

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Primal Only

RB Primal-Dual
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< HEADDual problem : similar treatmentDenote &( )2 Y
e )iy = "~nC)=diglun( )5 5 iy (16)
such that
®C )v)y = g(un( )iv; ), 8v2y 17

Recall that

XX
glun( );v; )= f(v) 9C )unn( )@ n;v); 8v 2 X
g=1n=1 (18)
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It follows next that&( ) 2 Y satis es

XX
@ )iv)y = f(v) ) unn( ) @ (nsv); 8v 2 X
g=1n=1
19)
Observe then that the rhs is theum of products of parameter
dependent functions and parameter independent linear functionals,
thus invoking

X
e()=20C 90 ) unn( ) L3 (20)
g=1n=1
C2Y satises
(CGv)=f(v);8v2Y (21)

L2 Y satises
(LE:v)y = a%(n;v);8v2Y;1 n N;1 g Q (22)
(22) are parameter indenendeRtiegissoneprebiemsucton
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RB Primal-Dual

Inf-sup lower bound

From (20) we get

Po P
it )i = (CGOv + &1 n1 90)unn() 2ACLYy

)
P o P o )
So1 nem1 TC) Unpe( ) (LELE)Y  (29)

In (23), jj&( )jj2 is the sum of products of
and

the o ine-online for the error bounds is now clear.

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Primal Only

RB Primal-Dual

Inf-sup lower bound

Oine :
Solve forCandLi; 1 n N;1 g Q

Form and saveC, O)v, (C,L9)y and(LY; '—ﬂg)Y’
1 mn® N;1 qq Q

Online

Givenanew 2D
Evaluate the sum (23) in terms of 9( ) and uy,( )
Complexity inO(Q?N?) independent oN

Reduced Basis methods: an introduction



Notations, De nitions, Problem Statement, Example
RB Primal Only

RB Primal-Dual

Inf-sup lower bound

We require a w()for ()= <();8 2D
If

Primal-Dual problem : similar treatment as in Primal-only
formulation

New ingredient introduced is the correction term for the output
run( ); we( ) )= FCRC) ) alun( ); 84 ); ) which
requires cross terms between primal and dual problems
fICRY); 1 n N%1 q
al(n; ™) 1 n N;1 n N% 1 g Qa

Reduced Basis methods: an introduction



Motivations
Empirical Interpolation Method
Non-A ne decomposition

Non-A ne and/or Non-Linear Problems
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Motivations
Empirical Interpolation Method
Non-A ne decomposition

NonLinear -parametrized PDE

Set of parameters : 2 D RP;
Solution of the nonlinear -PDE :u( )2 X  HY( RY);
PDE weak formulation : We look fou( ) 2 X such that

g(u( );v; )=0;,8v2X:

Reduced Basis methods: an introduction



Motivations
Empirical Interpolation Method
Non-A ne decomposition

"Truth" FEM approximation

XN X : nite element approximation of dimensiohl >> 1.
uN () 2 XN is solution ofg(uN ( );v; )= 0; 8v2 XN :
Solution strategies such as Newton or Picard iterations, e.g. given

JCKUNCvsRuN ) )= g () )

where
kUN( ): k+1uN( ) kuN( ):

We recover the linear case.
Equateu( ) anduN ( ), i.e.

ku() uN()kx tol;8 2D

Reduced Basis methods: an introduction



Motivations
Empirical Interpolation Method
Non-A ne decomposition

We wish to build a reduced basis approximatiog( ), to apply the
methodology recall that we require a ne dependence.

Generalized a ne decomposition
Suppose that we can buildap (u( );v; ) such that

_>@g ¥a

g(  5vi) G (  v; )= gy )g™(v);

qg=1m=1
and similarly for
INCIO R ) dap (u( )ivso; )=

R X . (24)
Oy )M vy

qg=1m=1

Reduced Basis methods: an introduction



Motivations
Empirical Interpolation Method
Non-A ne decomposition

Finite element or reduced basis approximations

The Newton algorithm now reads o inell ) and online (N) of the

reduced basis methodology

jaD kUNjN( KV = 0Oap Y
for the increment KuN/N( ) de ned by

kuNjN( )= k+1uNjN( ) kuNjN( )

Reduced Basis methods: an introduction

’

(25)

(26)



Motivations
Empirical Interpolation Method
Non-A ne decomposition

We are given a parametrized functianthat depend on
spacex 2 and a parameter 2 RP,

(x; )
and possibly a eldu( ) solution of a -PDE

(uC )x; )

EIM : build
We wish to build the expansion

hd
m( ox )= m( ) dm(X)  (u( );x; )

Reduced Basis methods: an introduction



Motivations
Empirical Interpolation Method
Non-A ne decomposition

One we have \, we can for example
compute integrals with varying
z Z W z
(x; ) m(x; )= m( ) dm(x)
m=1

R .
The last term () gm(x) (independent of ) can be
precomputed and hence it provides a very e cient method
recover a ne decomposition for bilinear/linear forms

z z
(X; Jru rv M Jru rvs=
W z
m() Gm(X)rurv

m=1

Reduced Basis methods: an introduction



Motivations
Empirical Interpolation Method
Non-A ne decomposition

Consider the following function with one parameterand 2D space
dimension

(x; )= exq (x 05*+(y 05?)=(2 ?))

Consider the following function with the triplet parameter
=( 15 25 3)

(u( )x; )=

1
1+ 2(u() )
whereu( ) 2 X is solution of the -PDE

a(u( );v; )= f(v; )8v2X

Reduced Basis methods: an introduction



Motivations
Empirical Interpolation Method

Non-A ne decomposition
Ingredients
Training set ., D
O ine step
SampleSy = f 12 035 M 2 4an O, Interpolation points
ty;iitm 2
Approximation spaceWn = sparf gi(x);:::;am (X)g
Residualrm(x) = ( iX; m) m( P X m)
m+1(X) = r:ﬂ(m) (matrix (Bj;j) = g;(t;) lower triangular)
Online step : Compute approximation coe cientsy( D)
M
m ( s )= m( ) Om(t) = ( s )
m=1
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Motivations
Empirical Interpolation Method
Non-A ne decomposition

Let u be the solution ofg(u;v; )= 08v 2 XN and (u) the non linear

expression involving a eld.

parameterspace_ptrtype D; parameter_type mu; /I 2D
Pset = Dmu->sampling();
eim_sampling_size = 1000;
Pset->randomize(eim_sampling_size);

/lexpression we want EIM expansion
sigma = ref(mu(0))/(1+ref(mu(2))*(idv(u)-u0));

/lcall Feel++ function eim
eim_sigma = eim( _model=solve( g(u;v; ;x)= 0 ),

_element=u, /I un ()
_parameter=mu, //
_expr=sigma, /I (u)
_space=Xn ,

_name="eim_sigma",
_sampling=Pset );

/Ithen we can have a ss to coefficients
(

/I of EIM expansion -1 Coun () am(x)

e
M
m \ . .
std::vector< > heta signmraduced B@bmeth@§prdceildeta( mu




Motivations
Empirical Interpolation Method
Non-A ne decomposition

Build EIM approximations of non-linear terms using the initial nite
element approximation
Generate databases dfl independent terms and\N dependent terms
Optimisation opportunities in EIM right hand side online step

evaluation

( stis )
by storing the (FEM or RB) basis functions associated ta™ N( ) at
the t;.

Build the generalized a ne decomposition of the non-linear problem
(Newton or Picard iterations)

Compute the RB approximations (and associated reduced quantities)
using the FEM approximation of the generalized a ne problem

Store all theN -independent terms in database (we get rid of the

nite element space dimension) and depend soldlyQ and the
complexity of the generalized a ne expansion.
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Motivations
Empirical Interpolation Method
Non-A ne decomposition

givenQq , Qj andQ the EIM determine(M¢)q=1::0, » (M})g=1:: ¢,
and (M)g=1.; - such that we can write :

R ¥a
go “u( )vi = am( k() g™™(W) ;

g=1m=1

. o |

jao U )ivs sfuC ) = TCRuC ) 9™ )iy

qg=1m=1
and \

a0 (Vi )= am( ) am(y) -
qg=1m=1

Reduced Basis methods: an introduction



Linear Parabolic Problems
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Letl =(0;T¢) , with T; is the nal time. Let 2D andt 2 |, evaluate
sV(t; )= (U ()
whereuN (t; )2 XN X satises

@"().

m g Y +a(uN();v; )=f(t;v); 8va2xN 8t21:

a(;; )andm(; ; ) are bilinearf(; )and (; ) are linear
f and” are bounded

Reduced Basis methods: an introduction



Let t the time step dened by t = .
8w;v2 X and1l k K we nextde ne the

and associated norm ( )
W) = ) ) s ) ) ¢
ko=1
V() = ! m(v(tk); v(th); )+ as(v(tk);v(tk’); ) t
X-inner product and associated norm )
w(tk): v(t9) T w(tk); v(t9) 8w;v2X;1 k K
v(tk) T v(t%) 8v2X;1 k K
whereas denotes the of a.
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Parameter Samples :

with

Let Snafd ) =
n

Wy = span

with

n

n

uN (t

arg

;0 n2D g 1 N Npax;

S $iiiSy,.,, D
0

ko)l

inf
v2Snap( )

W; W,

k

K

k

K a snapshot set with 2 Sy

uN (t%; ) v )2(

=1

Wy, XN X
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Given 2D we dene
"N )= (s )vi ) e 1 kK

Lete(t; )= uN(th; ) un(th; ) ., we can write

Vv
u

X
e(t; ) n(th ) t ! "N(K% )21 K
s ( )kO—l

8 2D and1l k K the output error bound is given by

K:

SN(t% ) st ) G BT (D Tl (LD B
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u+ % =0 in ; Boundaries conditions
boundaries conditions on@ : @ oy : heat transfert with T, =

I U n= Biotex (U Tair);
@ it : heat transfert, T4 = O
@0.4) r u n= Biotiy (U Tar);
@3 @ iso : Insulated.

L1 41 @int

@ ex

2 parameters
0.0

Biotey: and Biotjy; .
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nal time : 20 s;
time step : 0.2 s;

Minimum parameters values.

Maximum parameters values.
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Con guration :
33 000 dofs;

Preconditionner : LU Solver : MUMPS
parameter sampling of dimension 430.

Letes(T;; )= 80T

Relative error

) sn(Tes )i .

Gt plot max » eS(T; )
10 — ey |
01l (T =N (1) |
103} .
10 5| 1
107} 1
10 °L Il Il Il Il Il Il Il |
0 5 10 15 20 25 30
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Speed up

Study the time to build the rst reduced basis
Con guration : 292 000 dofs for FEM approximation.

10

_

v

—— RB construction
Theoretical

20

40 60

Number of processors
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HiFiMagnet

High Field Magnet Modeling
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HiFiMagnet

High magnetic eld : from 24 T
Grenoble : continuous magnetic eld (36 T)
Toulouse : pulsed magnetic eld (90 T)

Application domains Magnetic Field
Magnetoscience Earth : 5:8 10 *T
Solide state physic Supraconductors : 2F
Chemistry
Biochemistry Pulsed eld : 90T

Call for Magnet Time : 2  per year
140 projects per year
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HiFiMagnet
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HiFiMagnet

Modeling : multi-physics non-linear models, complex geometries,
genericity

Account for uncertainties : uncertainty quanti cation, sensitivity
analysis

Optimization : shape of magnets, robustness of design

Objective 1 : Fast Objective 2 : Reliable
Complex geometries Field quality
Large number of dofs Design optimization
Uncertainty quanti cation Certi ed bounds

Large number of runs Reach material limits
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HiFiMagnet

V : electrical potential T : temperature

r ((T)rv)=20on
r (k(MrT)= (T)rVv rVon
Boundary conditions

Applied potential Electrical conductivity
V = 0 on Bottom (T)= o
V = Vro, on Top 1+ (T To)
Water / Glue electrically isolant o= (ref =20C)
(T)rVv n=0 To=20C
No thermic exchange with air

= temperature coe .
Thermal conductivity
k(T)= LT (T)

k(T)rT n=0
Thermic exchangeH) with
cooling water Ty)

K(T)rT n=h(T Tu) L = Lorentz number
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HiFiMagnet

Parameters
Electrical conductivity (o) Applied potential {/p)
Temperature coe () Heat transfert coe . (h)
Lorentz number ) Water temperature Ty )
=( 055 LiVrop; i Tw)
Outputs

s()="(V()T())
Possibilities for :
Mean temperature in the domain
Magnetic eld on speci c point (Biot & Savart's law)
Power of the magnet
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HiFiMagnet

r ((T)rV)=0on v
r (k(T)yrT)= (T)rV rVon ¢

V = Vp on Dy (T)r T n=0onNyt
(T)r V. n=Vy onNy (T)r T n=TrT + Trz ON Ry

Electrical Potential
Find V 2 X Hi() suchthat 8 y 2 X :

z z z
(Myrvr v (TXrV n) v+ (T)(FV v (r v nV)
Dy Dy s
z
(T)(h*VD v (r v nVp)=20
Dy s
Temperature
Find T 2 X Hi() suchthat 8 1 2 X :
z z z z
k(T)r T r 1 + Tr1T 1 = (T)rV rV ¢ Tr2 T
RT R
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HiFiMagnet

Considering rst term of electrical potential formulation :
Z VA
= T)rvr = — % _rvr
& (M) v 1+ (T To) v

As o and are input parameters :

EIM : Empirical Interpolation Method
Build an a ne approximationaZ of a, such that :
X
a = a()ag(V;T: vi 1)
q
exact on a set of interpolation pointstig : a8 (ti) = a,(ti) 8i.
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HiFiMagnet

Electrical potential

z z
rvor vy (rV n v+ —V y (r v nVv
Dy hs
Z
VD(F v (r v n)=0
Dy s
a X
! (T)= m ()dam (T)
m =0
Temperature
Z Z z z
I'TI'T+ TRlTT= T TRZT
RT Rt
k
! k® (T)= m ( )am, (T)

m,=0

X
! J2(V;T)= my( )amy (V;T)

m;=0
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HiFiMagnet

Coupled formulation
Find (V;T)2 X X [Hi()] ?suchthat8( v; 1)2X X:

a(V;T) (v 1) )=F(C vy 1)) 8 v;, 1)2X X

a )@f
a()al(ViT)(v; )= FONUC v 1))
Ja=1 g; =1
¥ z
m () am (T)r V. r
m =1 . #
Gm (T) (rV n) v+ h*V v (r v nv
Dy s
¥ z
m ( )Vo gm (T) he v (r v n
m =1 Dy s
¥ z z
+ mk( ) qu(T)r Tr 1+Tgrg . T 7
m =1 T
X z z
= my( ) Amy(ViT) 1 Try T
my=1 Rt
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HiFiMagnet

From small towards large simulations
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Maximum current
density without thermal
damages ?

) Parametric study with

(other ; xed)

Figure : Bitter magnet

HiFiMagnet

100
5
5 80 B
£ 60| 8
g
=
40 : :
3 5 7 9

Current density ( A:m 2)]-O7
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HiFiMagnet

Simulation characteristics

Number of dofs : 1(°

15 processors
Number of dofs / proc : 67000

Number of inputs : 6

0, »L U h Ty
Non-Linear model (20 Picard iter.)
Number od Reduced Basis : 10
Error FEM / RB :

Figure : Helix mesh
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HiFiMagnet

Error estimation is not yet available for non-linear problems

No error estimations : parameters are chosen randomly

= I E|
Parameter chosen : 10 2 E
0= 50013 10° (S:m %) g i ]
= 33635 10 3(K 1) s 10 %} 5
L= 25065 10 ® ’ i :
U= 71018V) 10 4| | | .
h= 82154W:m 2K 1) 2 4
Tw = 307:21(K) Number of basis ( N)

Figure : Error FEM/RB depending on
reduced basis space siz&\]
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HiFiMagnet

Sobol indices S = V(ELY j Xi)

V(Y)
0 :0:000068
: 0:00045

L . 0:0092

U 012

h . 0:24

Tw : 0:62
Temperature range
Mean of outputs : Quantiles
T = 367.8K 95C Determine a threshold( ) such
Standard deviation : 62 that P(Y < q( )) >

99.0 % : 380 K =107 C
80.0% : 3775 K=1045C
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HiFiMagnet

Ongoing work on electro-thermal model

Continue investigations with large simulations

Increase number of basis
Analyse convergence (EIM, RB)

Work on error estimation for such a model

Error estimation for EIM approximation
Dealing with non-linearity

Towards full reduced model

Add Linear Elasticity model
Add Magnetostatic model

Reduced Basis methods: an introduction



(é Barrault, M., Maday, Y., Nguyen, N. C., and Patera, A. T. (2004).
An empirical interpolation method : application to e cient reduced-basis discretization
of partial di erential equations.
Comptes Rendus Mathematique , 339(9) :667 672.
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