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Introduclion Retation betwests €50 and 5) Campuling 5 lrom a €5 plal lest cases

Sensitivity analysis from given data

2 running sensitivity analysis
the madel : from given data ?
no specific Design of Experiments ! ¢
often simple random sampling
one possible SA way:

1 / Contribution to the

S?:;T’:QQ Sample Mean
Plot (CSM)
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Contribution to the Sample Mean (CSM)

Bolado-Lavin, R., Castaings, W., & Tarantola, S.
Contribution to the sample mean plot for graphical and numerical sensitivity

analysis
Reliab. Eng. Syst. Saf., 2009, 6, 1041-1049.
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Contribution to the Sample Mean (CSM)

@ Bolado-Lavin, R., Castaings, W., & Tarantola, S.

Contribution to the sample mean plot for graphical and numerical sensitivity
analysis

Reliab. Eng. Syst. Saf., 2009, 6, 1041-1049.

The Contribution to the Sample Mean (CSM) for X; is:
89 2 [0; 1];

FRO R
gm 1 G(X)Px (X j)dx | pj(%)dx

1
(= e COOP )T .
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Contribution to the Sample Mean (CSM)

ﬁ Bolado-Lavin, R., Castaings, W., & Tarantola, S.

Contribution to the sample mean plot for graphical and numerical sensitivity
analysis

Reliab. Eng. Syst. Saf., 2009, 6, 1041-1049.

The Contribution to the Sample Mean (CSM) for X is:
8q 2 [0; 1];

FR®
g 1 GOOPx (X )dx j pj(5)dx
R

G(X)px (X)X @)

G(a) =
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Contribution to the Sample Mean (CSM)

A
1
T :
~ Ci(q) represents the fraction of the
& output mean due to the fraction g
of smallest values of X;.
0 q 1
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Contribution to the Sample Mean (CSM)

Procedure to approximate C5M plot from a set of a model runs.
input sample (x;}_1...nj_1...m and output vector (y;)i_1..n
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Contribution to the Sample Mean (CSM)

Procedure to approximate CSM plot from a set of n model runs.
input sample {x;}i=1...n.j=1...m and output vector {y;);=1...»

y A compute the output mean fi
A sort increasingly the n random
T+ realisations of X;:
—_— .
o L
~= ++ Xa(1)j = "0 = Xaln)j
O +
A compute (ci,. .., &)
+ a
+ f
At 1
o 9= E Yris)
s+ - 5—1
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Contribution to the Sample Mean (CSM)

Procedure to approximate CSM plot from a set of n model runs.
input sample {x;}i=1...n.j=1...m and output vector {y;);=1...»

y A compute the output mean fi
et sort increasingly the n random
T+ realisations of X;:
— A
= P Xr(ly =t S Xa(n)j
O e S
. + _
Ci compute (¢t €1)
. +
N + + . Z
S+ P! ¥ais)
- . =—
ALt qj h - n}”
0 q 1 plot (c1.....c,) against
(g1.....qn) with g; =i/n
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Contribution to the Sample Mean (CSM)

Ci(a)

CSM and first-order effects

X; with low first-order effect

~

CSM line close to the diagonal

(Bolado-Lavin et af., 2009)
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Contribution to the Sample Mean (CSM)

low Sj-

Ci(a)

high S,

CSM and first-order effects

X; with low first-order effect

~

CSM line close to the diagonal

(Bolado-Lavin et af., 2009)
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Contribution to the Sample Mean (CSM)

A
1
CSM and first-order effects
= | low S
~ X; with low first-order effect
(—) )
CSM line close to the diagonal
h|gh Sj (Bolado-Lavin et af., 2009)
0 q 1
. . 5
9 research what relationship between CSM plot and §; 7
questions is it possible to compute $; from a CSM plot ?
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18t question

What relation between CSM plot
and rst-order sensitivity indic§s



 Inwoducton  Relstion bemeen CSMand S]  Computing § fom s CSMplot  Testcases  Concusion
Relation between CSM and rst-order indicgs

Let denotec, = (Y)=E(Y) .
For any inputX; we have:

a’ #s

1 d
e (G(@) a) dg 2

3=@

0
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Relation between CSM and rst-order indicgs

Let denotec, = (Y)=E(Y) .
For any inputX; we have:

2 3,

a=% 5 cq aba o

deviation to diagonal
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Elements of proof

F>'(a)
iz
1

892 [0;1]; G(a)= E(Y) ELY J X = x]1pi(x)dx
1
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S GEERIRE N C SN TS R ST i e e
Elements of proof

L F,-zl(Q)
892 [0;1]; Ci(q)= EY) ELY X = x]1p;(x)dx
1

Using &(F; *(a)) = 1=y F (a) :

EYiX=F '
E(Y)

Ba2 i1 4G (o)
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S GEERIRE N C SN TS R ST i e e
Elements of proof

Fz'(@
ELY J X = %]pi(x)dx

892 [0;1]; Ci(q)= E(Y)

Using & (F; (@) = 1=p; F; (q) :

734=Var[E(¥|ij)]=V(Y)
EYiX=F
E(Y)

{

8q 2 [0; 1]; diqqm) =

saMO 2013 Nice uy 14 IR 8122



2"d question

Computing rst-order e ect§
from a CSM plot?
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Computing S; from a CSM plot

Start from a sample of n CSM points (g;, }i_1, -
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1 o+
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0 q 1
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Computing S; from a CSM plot
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A. Polynomial regression
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Introduclicn Relalion bebween CSM and 5)

Computing S; from a CSM plot

Start from a sample of n CSM points (g;, }i_1, -

A. Polynomial regression

fit a polynomial model on CSM
points (gi, ;)

exact formula for 5; from the
regression coeflicients

B. Spline smoothing

fit a spline model on the CSM
points

approximate CSM derivative

compute 5; using Eqn.{2)

SAMO 2013 Mice July 1-4 Sainl-Geours eL al.
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lesl cases Conclusion
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Polynomial regression

expansion of CSM usinghifted Legendre polynomials (Px)kan
which are orthogonal off0; 1]

_ xd
8i=1:::n; ¢ = kPi(a) +
k=0
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Introduction Relation between CSM and Sj Computing Sj from a CSM plot Test cases Conclusion

Polynomial regression

expansion of CSM usinghifted Legendre polynomials (Px)kan
which are orthogonal off0; 1]

_ xd
8i=1:::n; ¢ = kPi(a) +
k=0

selecting max order d? by minimizing AlCc information criterion
" ! #
X
o eon 2 X nn(d+2)
d —ardgerun 5 log o () + 2+ —q 3
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Polynomial regression

explicit formula for S ; derived from Eqn.(2) usind’x properties

with :
o if k> 1;
KT L i k=1
we obtain:
2 M . .
= ? ~~ min(k; ) [1+ min(k; )] 3)
klf]lzéz
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Test cases

Ishigami function
X1 to Xz i.id U[ ) ]
Y = sin(X1)+ a sin(X2)?2+ b X5 sin(Xy)

G-Sobol function

X1 to Xg i.i.d U[0; 1]

xed parameter vectora = ( 0; 1; 4:5; 9; 99; 99; 99; 99):
¥ojax, 2+ g
1+ g

=1
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Introduclicn Relalion bebween CSM and 5) Compuling 5 rom a CSM plal lesl cases Caonclusion

Scatterplots and CSM plots

sample size n = 300 (simple random sample)
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Introduclicn Relalion bebween CSM and 5)

Polynomial fit for input X;

sample size n = 300 (simple random sample)

Selecting max degree o
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Regression residuals for X;

— : R?z=0.9912

T T T T T T
0.0 0.2 0.4 086 0.8 1.0

Fitted CSM values &;

16 /
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Estimation of first-order effects

Convergence of 5, for increasing sample size n

., o [] polynomial regression
s +° ] spline
Pl — exact value
o
= fni i
o ! : "E‘
L igi o
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Sample size n
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Conclusion
= explicit formulalinking S; and CSM (derivative)

(] 3 estimator based omolynomial expansion of the CSM plot
(explicit formula from regression coe cients)

I computation of§ from given data
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Introduction Relation between CSM and Sj Computing Sj from a CSM plot Test cases Conclusion

Conclusion
= explicit formulalinking S; and CSM (derivative)

(] 3 estimator based omolynomial expansion of the CSM plot
(explicit formula from regression coe cients)

I computation of§ from given data

= minimum sample siza 1000

(] s does not compare well with other estimators based on given
data such as EASI (Plischke, 2010)

= why ? because it requiregpproximating derivatives
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Conclusion

! Further research

= Total-order e ects ?

= Contribution to the Sample Variance (CSV plot)
= rst attempts were unsuccessful but. ..

Tarantola S., V. Kopustinskas, R. Bolado-Lavin, A. Kaliatk a, E. Uspuras, M.

Vaisnoras
Sensitivity analysis using contribution to sample varian@ plot: Application to a

water hammer model
Reliab. Eng. Syst. Saf., 2012, 99, 62-73.
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Thank you for your attention !

Funding (6 weeks stay in JRC, Ispra, Italy):
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Elements of proof (2)

_ Varg Ex [YjX]
1 V)
= (E[Y X =x] E(Y)2p04)dx

V(Y) -

(Saltelli et al., 2008)
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Elements of proof (2)

_ Val'xj Ex i [Y j Xj]
V()

(Saltelli et al., 2008)

1 .
T V() (EIY i X = %] EY)’p(x)dx
R
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Elements of proof (2)

_ Varxj Ex i [Y j XJ]

)
4

- = VA 1 2
= V) EYjXj=F “(a) EY) dq
[0;1]

S (Saltelli et al., 2008)
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Elements of proof (2)

_ Varxj Ex i [Y j X]]

YY)
= vy EYI%=FRi@ EY)
[0;1]

S (Saltelli et al., 2008)
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Elements of proof (2)

_ Val")(j Ex i [Y j XJ] .
= 2 (Saltelli et al., 2008)

Z 2
-— 1 d .
=Vy)  aqo@ E(M) E(Y) dg

V(Y)
[0;1]
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Elements of proof (2)

First-order variance-based sensitivity indices

V(':ll’)(i Ex i [Y ] XJ]

VIY) (Saltelli et al., 2008)
1 % g 2
= V) d*qQ(CI) E(Y) E(Y) dqg
[0;1]
_Ev2” ?

d

SAMO 2013 Nice July 1-4 Saint-Geours et al.
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Elements of proof (2)

First-order variance-based sensitivity indices

V(':ll’)(i Ex i [Y ] XJ]

= VEY) (Saltelli et al., 2008)
1 % g 2
=Vy)  aqo@ EM) E(Y) dg
[0;1]
_Ev” ’

d
0
ZL %
1 d
B d—q(Cj(q) q) dq
0

SAMO 2013 Nice July 1-4 Saint-Geours et al.
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Estimation of the coe cient of variation

Set of CSM pointy(qi; Ci)i=1::n
Coe cient of variation ¢, = (Y)=E(Y)
Usingci ¢ 1=Y ¢)=(n") we get:

SAMO 2013 Nice July 1-4 Saint-Geours et al.
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Shifted Legendre polynomials

Shifted Legendre polynomidt, are de ned by

Pu(@ = PP(2q 1)

with Plis) the standardized Legendre polynomials,

which are given by the Rodrigue's formula [2, p.785, Eqn. 22.11.5]

( 1)k gk h 5 ki
* kg & D

8k2N;8q2[ L1; P®(q)=
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Detailed proof for Eqn.(|§)

Using the a,a?roxmatlonC(q) « kPk(d), we get an approximation of the
integral | = 01 aq (C(q) q)do:
7 1" X ! #,
f= Pe(a) 1 dg )
0 k=1

Z, #2
f= ~P(q) dq

0 k=1
X Z,

= = Pla)PXa)dg (6)
kil=1 0
Xd

= k=1l
k;l=1
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Detailed proof for Eqn.(é%)

Using the a,a?roxmatlonC(q) « kPk(d), we get an approximation of the
integral | = 01 aq (C(a) ) dg:
7 1" X ! #,
f= Pe(a) 1 dg )
0 k=1

Z, #2
f= ~P(q) dq
0 k=1

X Z,

= == PU@)PX9)dg (6)
kil=1 0
xd

= K~
k;l=1
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Detailed proof for Eqn.(3)

Let assume thatk n.
Using an integration by parts we have :
A
1
o = PR@Pi(@) ,  PAa)Pi(a)dg (7)
0
PXis a polynom of degre&k 2 : it can be decomposed on the nite

gendre polynomialgP«)k2n on [0; 1], we nd that the integral
01 PXq)Pi(g)dq is equal to 0. Hence :

i = POL)PI(1)  PR(O)P(0) (®)
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Detailed proof for Eqn.(3)

The values ofPx(q) and its derivativeP2(q) at ¢ = 0 andq = 1 can be found
from the corresponding values of non-shifted Legendre polynamPlﬁs)(q) at
g= 1landqg= 1, which are given in [2, p.777], Eqn.(22.4.6), (22.5.37) ah
(22.4.2). Using the relationsPy(q) = P&s)(Zq 1) and

PAa) = 2(P)%2q 1) we have:

8
2 Pﬁﬁ% _ i(k 1)
P = +
8k 2 N PE ©0) = 1)k
PXO) = ( ¥ k(k+ 1)
We nally obtain:
8(k;1) 2 Nk I;

et = k(k+ D[1+( D*N

which we can also write this way:

8(k;1) 2 N?;

la = 2min(k; 1) [1+ min(k; 1)] 1f k1) 2 2ng

SAMO 2013 Nice July 1-4 Saint-Geours et al.
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Contribution to the Sample Variance

Contribution to the sample variance for input paramet¥| at quantile g
is given by:

FR® h ). [
D@= vhy | E (Y EYD*iX=x pix)dg (12)
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Contribution to the Sample Variance
Slope of the CSV plot

The slope of the CSV plot between the two point$g:; D(qs1)) and (oz; D(02))
is given by:
D(q2) D(qu) _ V(Y %))
G2 V(Y)
with variance V(Y "%}, de ned as the variance of the model output when
the range of the parameterX; is reduced to[z:; 2], but with respect to
constant meanE(Y ) over the full range of all parameters:

(13)

VY= E (Y EY)?jX =z
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Contribution to the Sample Variance

Relation with total order sensitivity indices?

Total order sensitivity indices:

Ex, Varx (Y j X
STj=1 al \);(JY() 1)
_, B B Y ELY i XD?i X = x

V(Y)

Let denote byV(Y %9) the quantity Ex ; (Y E[Y jX)?jX% = x . Itis
the variance of model output when model inpuk; is xed to the value x;, but
with respect to the conditional meanE[Y j X; = x;]. We then have:

71

F ol
VY i
ST, = 1 VO )

viY) dq (14)
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Contribution to the Sample Variance

Relation with total order sensitivity indices?

Trouble is that the two variance¥ (Y f 29) and V(Y ?729) are not equal
as they are not computeavith respect to the same mean value.

constant meanE(Y) for V(Y ?'29)
conditionnal mearE[Y j X; = z] for V(Y ' 29))
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